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q-STABILITY CONDITIONS ON CALABI-YAU-X CATEGORIES
AND TWISTED PERIODS
AKISHI IKEDA AND YU QIU
Abstract. We introduce q-stability conditions (σ, s) on Calabi-Yau-X categories DX,
where σ is a stability condition on DX and s a complex number. Sufficient and
necessary conditions are given, for a stability condition on an X-baric heart D∞ of
DX to induce q-stability conditions on DX. As a consequence, we show that the space
QStab⊕DX of (induced) open q-stability conditions is a complex manifold, whose
fibers (fixing s) give usual type of spaces of stability conditions. Our motivating
examples for DX are coming from Calabi-Yau-X completions of dg algebras.
A geometric application is that, for type A quiver Q, the corresponding space
QStab◦s DX(Q) of q-stability conditions admits almost Frobenius structure while the
central charge Zs corresponds to the twisted period Pν , for ν = (s−2)/2, where s ∈ C
with Re(s) ≥ 2. A categorical application is that we realize perfect derived categories
as cluster(-X) categories for acyclic quiver Q.
In the sequel, we construct quivers with superpotential from flat surfaces with the
corresponding Calabi-Yau-X categories and realize open/closed q-stability conditions
as q-quadratic differentials.
Key words: q-stability conditions, Calabi-Yau-X categories, almost Frobenius struc-
ture, twisted periods, cluster categories,
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1. Introduction
The notion of a stability condition σ = (Z,P) on triangulated categories D is in-
troduced by Bridgeland, motivated from Douglas’ work of Π-stability of D-branes in
string theory. One of the data is the central charge Z : K(D) → C, where K(D) is
the Grothendieck group; the other is the slicing P, the R-refinement of t-structures. A
key result established by Bridgeland [B2] is that all stability conditions form a complex
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manifold StabD. In most case, K(D) ∼= Zn and dimC StabD = n. Due to works of
many people (e.g. [B3, B5, BQS, BM, BS, GMN, HKK, I, KQ2, KS, Q1, Q2, QW, T]),
the theory of stability conditions has been related/appliled to various subjects in math-
ematics, e.g. mirror symmetry, cluster algebras, moduli spaces, Donaldson-Thomas
theory, etc.
In this paper, we introduce the q-stability conditions (σ, s), as a q-deformation of
Bridgeland stability conditions, on a class of triangulated categories DX, consisting of
a stability condition σ and a complex parameter s ∈ C. Such a category DX admits a
distinguish auto-equivalence X (another shift) satisfying
K(DX) ∼= R
n, R = Z[q, q−1].
Here the R-module structure on K(DX) is given by the action q[M ] = [M [X]]. The
extra condition is
X(σ) = s · σ
where the left hand side is the X action and the right hand side is the C-action. To
spell this out,
• the central charge is R-linear, i.e.
Z ∈ HomR(K(DX),Cs),
where Cs is still the complex plane but with the R-module structure through
the action q(z) = eipis · z.
• the slicing is compatible with Z under action of X, i.e.
P(φ+Re(s)) = P(φ)[X].
This type of equations was considered by Toda [T] to calculate Gepner/orbit point in
C\StabD /Aut (cf. [Q3] for further discussion). When fixing s, the s-fiber QStabsD
of q-stability conditions forms a complex manifold of dimension n that behaves as the
usual spaces of stability conditions with finite dimension. In particular, when s = N is
an integer and the quotient category DN : = DX /[X−N ] is well-defined, QStabsD can
be embedded in StabDN indeed.
Our key construction of q-stability conditions is via X-baric heart, the X-analogue
of usual heart. An important difference is that an X-baric heart is a triangulated
(not abelian) category. We also introduce an interesting function gldim on the spaces of
stability conditions as generalization of the usual notion of global dimension of algebras,
which will be systematically studied in the twin paper [Q3].
1.1. Frobenius structures. Our original motivation is to understand the link between
the space of stability conditions, for a Dynkin type Q, and the Frobenius structure
(which was called the flat structure in [Sa1]) on the unfolding space of the corresponding
singularity constructed by Saito [Sa1, SaTa]. This link was conjectured by Takahashi,
cf. comments in [B5].
Let h be the Cartan subalgebra of the finite dimensional complex simple Lie algebra
g corresponding to Q and hreg its regular part, cf. (6.3). Then for the ‘Calabi-Yau-∞‘
category D∞(Q) : = D
b(kQ), we expect
StabD∞(Q) ∼= h/W (1.1)
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for the Frobenius manifold h/W , where W is the Wely group. This has been proved
for type A in [HKK] (cf. [BQS] for A2 case). On the other hand, for the Calabi-Yau-N
category DN (Q) : = Dfd(ΓN Q), we expect
StabDN (Q)/STN (Q) ∼= hreg/W, (1.2)
where STN (Q) is the spherical twist group that can be identified with Artin/braid
group BrQ [QW]. This has been proved for type A in [I] (cf. [BQS] for A2 case). In the
correspondence (1.2), the central charges Z = Z(N) correspond to the twisted period
maps Pν with the parameter ν = (N − 2)/2 [D, (5.11)] (see also Section 6.1). The
relation between the twisted period maps with the parameter ν and the central charges
of Calabi-Yau-N categories was first conjectured in [B1] for the canonical bundle of
the projective space. Notice that N requires to be an integer (≥ 2) in the previous
settings for StabDN (Q) where the category DN (Q) is well-defined. However, for the
almost Frobenius structure on hreg/W , the twisted period maps can be defined for any
complex parameter ν. This motivates us to produce a corresponding space of stability
conditions for complex parameter s with the formula ν = (s− 2)/2.
So our construction of the s-fiber of the space QStabsDX(Q) of q-stability conditions
on DX(Q) : = Dfd(ΓXQ) provides one solution to this question. Here ΓXQ is Calabi-
Yau-X Ginzburg differential (double) graded algebra, using Keller’s construction [K1].
Moreover, the distinguish auto-equivalence X in the Calabi-Yau-X categories is given
by the (extra) grading shift.
Finally, we remark that the twisted period map of the almost Frobenius structure
on hreg/W can be identified with the period map associated with the primitive form of
the corresponding ADE singularity in the theory of Saito [Sa1]. He also introduced the
complex parameter s ∈ C which precisely corresponds to our s for q-stability conditions.
Thus our construction categorifies his period map with the parameter s in some sense
(see Remark 6.10).
1.2. Mirror symmetry. The main method used to prove (1.1) and (1.2) is to real-
ize stability conditions as quadratic differentials. Such an observation was first made
by Kontsevich and Seidel years ago and two crucial works have been carried out in
[BS, HKK]. The idea is related to mirror symmetry. More precisely, in Kontsevich’s
homological mirror symmetry [Ko], there is a derived equivalence
Db Fuk(X) ∼= Db(CohX∨),
where X is a Calabi-Yau manifold with the derived Fukaya category Db Fuk(X) on the
left hand side (A-side) andX∨ is mirror partner ofX with the bounded derived category
Db(CohX∨) on the right hand side (B-side). In mathematical aspects of string theory,
one can expects that the complex moduli spaceMcpx(X) for X can be embedded into (a
quotient of) the space StabDb(CohX∨) of stability conditions. The key correspondence
in this conjectural relation is the central charge of a spherical object S∨, an object in
Db(CohX∨), is given by the integral of the complex structure via the corresponding
Lagrangian sphere S in X:
Z(S∨) =
∫
S
Ω (1.3)
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where Ω is a canonical holomorphic volume form of the Calabi-Yau manifold X. (For
details of this expectation, we refer to [1, § 5] and [B4].)
While the general case is hard, the surface case is attackable, that the complex struc-
ture is given by quadratic differentials. In the Calabi-Yau-3 case, Bridgeland-Smith [BS]
proves that
Stab◦D3(S)/Aut ∼= Quad3(S), (1.4)
where S is a marked surface, D3(S) the associated Calabi-Yau-3 category and Quad3(S)
the moduli space of quadratic differentials on S (with pre-described singularity). Here
D3(S) is a subcategory of some derived Fukaya category [Sm]. In the non-Calabi-Yau
case, Haiden-Katzarkov-Kontsevich [HKK] proves that
Stab◦D∞(S)/Aut ∼= Quad∞(S), (1.5)
where S is a flat surface, D∞(S) = TFuk(S) the associated topological Fukaya cate-
gory and Quad∞(S) the moduli space of quadratic differentials on S (with redescribed
exponential type singularity).
One key observation is that D∞(S) should be thought as Calabi-Yau-∞, which is a
philosophy developed in [KQ1, Q1, BQS]. Indeed, when S is a disk, we have
D∞(S) = D∞(An), D3(S) = D3(An).
We will focus on the surface case, relating works [BS, HKK] in the sequel [IQ] by
introducing the Calabi-Yau-X categories of quivers with superpotential.
Note that the prototype of our Calabi-Yau-X categories is the one considered in [KhS]
(cf. its mirror counterpart in [ST]). Presumedly, the construction in Section 3.5 and
[IQ] on the B-side and the one in [Se] for the A-side should give a Calabi-Yau-X version
of homological mirror symmetry of [LP, Thm.A and Thm.B].
1.3. Application to cluster theory. There is a close link between stability conditions
and cluster theory, cf. [KS]. For instance, cluster theory (in particular cluster exchange
graph) plays a key role in the proof of (1.4) in [BS], as well as in proving simply
connectedness/contractibility of space of stability conditions in [Q1, QW, KQ2]. More
precisely, the cell structure of spaces of stability conditions is encoded by Happel-Reiten-
Smalø tilting, which corresponds to mutation of silting objects in the perfect derived
categories (cf. [K3]). On the other hand, in the categorification of cluster algebras, the
Calabi-Yau-2 cluster categories C2(Q) are introduced by Buan-Marsh-Reineke-Reiten-
Todorov [BMRRT, K2]. It is generalized by Amiot-Guo-Keller [A, K1, Gu] as Verdier
quotient
CN−1(Q) = per ΓN Q/Dfd(ΓN Q), N ≥ 2(∈ Z) (1.6)
of the Calabi-Yau-3 Ginzburg dga ΓN Q. The mutation of cluster algebras corresponds
to the mutation of cluster tilting objects in the cluster categories, which is also closely
related to mutation of silting objects (cf. e.g. [KQ1]). One expects the perfect derived
categories D∞(Q) ∼= perkQ (of an acyclic quiver Q) would be the Calabi-Yau-∞ cluster
categories C∞(Q) as
D∞(Q) = lim
m→∞
Cm(Q).
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The corresponding statement for the spaces of stability conditions is ([Q1, Thm. 6.2])
StabD∞(Q) ∼= lim
N→∞
StabDN (Q)/BrQ .
As an application of our Calabi-Yau-X construction, we show that in fact, D∞(Q) can
be realized as cluster-X category, i.e. as Verdier quotient per ΓXQ/D(ΓXQ) of ΓXQ.
This unifies the theory of cluster tilting and silting, which provides a new perspective
to study these categories.
1.4. Content. In Section 2, we introduce q-stability conditions (Definition 2.4). Then
we give (Theorem 2.25) two sufficient and necessary conditions for constructing a q-
stability condition on DX from a stability condition on its X-baric heart D∞ and a
complex number s. As a consequence, we show that (Theorem 2.27) we can glue s-
fibers of q-stability conditions to form a complex manifold QStab⊕DX with one extra
(complex) dimension. As examples, we construct Calabi-Yau-X categories from quivers
and from coherent sheaves in Section 3, where the general theorems in previous section
apply. As applications, we have the following.
• In Section 4, we use spherical twist action on Grothendieck group of Calabi-Yau-
X categories of an acyclic quiver Q to categorify the corresponding q-deformed
root lattices (Proposition 4.10).
• In Section 5, we put together the results in [A, Gu, K2, IQ] to form a commuta-
tive diagram consisting of Calabi-Yau-X and Calabi-Yau-N versions of Amiot’s
short exact sequences (Corollary 5.8).
• In Section 6 we describe (Conjecture 6.13) the conjectural almost Frobenius
structures on spaces of q-stability condtions (for type ADE) and announce the
result of type A, where the proof will be provided in the study of surface case
in the sequel [IQ].
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2. q-Stability conditions on X-categories and inducing
2.1. Bridgeland stability conditions. First we recall the definition of Bridgeland
stability conditions on triangulated categories from [B2]. All the modules and categories
will be over k, an algebraically closed field. Throughout this section, we assume that
for a triangulated category D, its Grothendieck group K(D) is free of finite rank, i.e.
K(D) ∼= Z⊕n for some n.
Definition 2.1. Let D be a triangulated category. A stability condition σ = (Z,P)
on D consists of a group homomorphism Z : K(D) → C called the central charge and
a family of full additive subcategories P(φ) ⊂ D for φ ∈ R called the slicing satisfying
the following conditions:
(a) if 0 6= E ∈ P(φ), then Z(E) = m(E) exp(iπφ) for some m(E) ∈ R>0,
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(b) for all φ ∈ R, P(φ+ 1) = P(φ)[1],
(c) if φ1 > φ2 and Ai ∈ P(φi) (i = 1, 2), then HomD(A1, A2) = 0,
(d) for 0 6= E ∈ D, there is a finite sequence of real numbers
φ1 > φ2 > · · · > φm (2.1)
and a collection of exact triangles
0 = E0 // E1
☎☎
☎☎
☎☎
☎
// E2
☎☎
☎☎
☎☎
☎
// . . . // Em−1 // Em
  ✂✂
✂✂
✂✂
✂
A1
\\✿
✿
✿
✿
A2
\\✿
✿
✿
✿
Am
``❆
❆
❆
❆
= E
with Ai ∈ P(φi) for all i.
For each non-zero object 0 6= E ∈ D, we define two real numbers by φ+σ (E) := φ1
and φ−σ (E) := φm where φ1 and φm are determined by the axiom (d). Nonzero objects
in P(φ) are called semistable of phase φ and simple objects in P(φ) are called stable
of phase φ. For a non-zero object E ∈ D with extension factors A1, . . . , Am given by
axiom (d), define the mass of E by
mσ(E) :=
m∑
i=1
|Z(Ai)|.
Following [KS], we assume the additional condition, called the support property. For a
stability condition σ = (Z,P), we introduce the set of semistable classes ss(σ) ⊂ K(D)
by
ss(σ) := {α ∈ K(D) | there is a semistable object E ∈ D such that [E] = α }. (2.2)
Let ‖ · ‖ be some norm on K(D) ⊗ R. A stability condition σ = (Z,P) satisfies the
support property if there is a some constant C > 0 such that
C · |Z(α)| > ‖α‖ (2.3)
for all α ∈ ss(σ). Let StabD be the set of all stability conditions on D satisfying the
support property. We define the distance d : StabD× Stab(D)→ [0,∞] by
d(σ, τ) := sup
06=E∈D
{
|φ−σ (E)− φ
−
τ (E)| , |φ
+
σ (E)− φ
+
τ (E)| ,
∣∣∣∣log mσ(E)mτ (E)
∣∣∣∣} . (2.4)
Under the topology induced by the distance d on StabD, Bridgeland [B2] showed the
following crucial theorem.
Theorem 2.2 ([B2], Theorem 1.2). The projection map of taking central charges
Z : StabD −→ Hom(K(D),C),
(Z,P) 7→ Z
is a local homeomorphism of topological spaces. In particular, Z induces a complex
structure on StabD.
Here we consider the case that the Grothendieck group K(D) is of finite rank over
Z. However in [B2], he also deals with the case that K(D) is of infinite rank. In that
case, one should consider the set of all locally-finite stability conditions StabD.
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Definition 2.3. [B2, Definition 5.7] A slicing P of a triangulated category D is locally-
finite if there exists a real number ǫ > 0 such that for all φ ∈ R the quasi-abelian
category P(φ − ǫ, φ + ǫ) is of finite length. A stability condition is locally-finite if the
corresponding slicing is.
On the space of all stability conditions StabD, we can define two group actions
commuting each other. The first one is the natural C action
s · (Z,P) = (Z · e−ipis,PRe(s)),
where Px(φ) = P(φ + x). There is also a natural action on StabD induced by AutD,
namely:
Φ(Z,P) =
(
Z ◦Φ−1,Φ(P)
)
.
2.2. q-stability conditions.
Convention. Let DX be a triangulated category with a distinguish auto-equivalence
X : DX → DX .
Here X is not necessarily the Serre functor. We will write E[lX] instead of Xl(E) for
l ∈ Z and E ∈ DX. Set
R = Z[q±1]
and define the R-action on K(DX) by
ql · [E] := [E[lX]].
Then K(DX) has an R-module structure. Moreover, when we consider such a category
DX, the auto-equivalence group AutDX will only consists of those that commute with
X.
Definition 2.4. A q-stability condition (σ, s) consists of a (Bridgeland) stability con-
dition σ = (Z,P) on DX and a complex number s ∈ C satisfying
X(σ) = s · σ. (2.5)
We may write σ[X] for X(σ).
Remark 2.5. Equation (2.5) has been considered by Toda [T] to study the orbit point,
known as the Gepner point, of the orbitfold C\StabD /Aut. We will impose the follow-
ing condition (Assumption 2.6) on our triangulated category DX, which means StabDX
is infinite dimensional. And the equation (2.5) reduces the dimension of the stability
spaces. See [Q3, § 1.2] for further discussion.
In the rest of this paper, we assume following.
Assumption 2.6. The Grothendieck group K(DX) is free of finite rank over R, i.e.
K(DX) ∼= R
⊕n for some n. We will call such a category DX an X-category.
For a fixed complex number s ∈ C, consider the specialization
qs : C[q, q
−1]→ C, q 7→ eipis.
Denote by Cs the complex numbers with the R-module structure through the special-
ization qs. To spell out the conditions for the equation (2.5), we have the following
equivalent conditions of (2.5).
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Definition 2.7. A q-stability condition (σ, s) consists of a (Bridgeland) stability con-
dition σ = (Z,P) on DX and a complex number s ∈ C satisfying the following two more
conditions:
(e) the slicing satisfies P(φ +Re(s)) = P(φ)[X] for all φ ∈ R,
(f) the central charge Z : K(DX)→ Cs is R-linear;
Z ∈ HomR(K(DX),Cs).
Similar to usual stability conditions, we consider the support property as follows.
Definition 2.8. A q-stability condition (σ, s) satisfies the q-support property if
1◦. there is some lattice Γ := Zn ⊂ K(DX) satisfying Γ⊗ZR ∼= K(DX) and a subset
ŝs(σ) = {α ∈ K(DX) |α =
l∑
j=0
qjαj (αj ∈ Γ)}
such that the set of semistable classes ss(σ) is given by
ss(σ) =
⋃
k∈Z
qk · ŝs(σ),
2◦. for some norm ‖ · ‖ on a finite dimensional vector space Γ ⊗Z R, there is some
constant C > 0 such that (2.3) holds for all α ∈ ŝs(σ).
3◦. X-Hom-bounded: Exists N0 such that for any E,F with [E], [F ] ∈ ŝs(σ),
Hom(E,F [kX]) = 0
when |k| > N0.
Denote by QStabsDX the set of all q-stability conditions satisfying the q-support
property and with fixed s. Since the space QStabsDX is a subset of the space of usual
stability conditions Stab(DX) on DX, the distance d (2.4) on StabD induces a topology
on QStabsDX. We proceed to show the analogue result of Theorem 2.2.
Lemma 2.9. If a q-stability condition (σ, s) satisfies the q-support property and s 6= 0,
then it is locally-finite.
Proof. Suppose not, then without loss of generality we can assume that there is an
infinite chain of subobjects · · · ⊂ Em ⊂ · · · ⊂ E1 = E in the quasi-abelian category
P(φ− ǫ, φ+ ǫ) for some φ and ǫ < 1/2. As in the proof of [B3, Lemma. 4.4], the norms
|Z(Em)| of central charges are bounded, say by K > 0. Thus the following set
{α ∈ ss(σ) | |Z(α)| < K,∃M ∈ P(φ − ǫ, φ+ ǫ) s.t. [M ] = α, Hom(M,E) 6= 0},
denoted by Λσ is infinite. By Condition 1
◦ of q-support property, any α ∈ Λσ equals
qk · α̂ for some α̂ ∈ ŝs. Thus Λσ =
⋃
k Λk, where Λk is
{ α̂ ∈ ŝs(σ) | |ekipis · Z(α̂)| < K,∃M ∈ P(φ− ǫ, φ+ ǫ) s.t. [M ] = qkα̂, Hom(M,E) 6= 0}.
Note that [E[lX]] ∈ ŝs(σ) for some l ∈ Z. Then by Condition 3◦ (i.e. XHom-bounded)
of q-support property, only finitely many Λk are not empty. Therefore, there exists
k0 ∈ Z such that Λk0 is infinite.
On the other hand, by Condition 2◦ of q-support property,
{ α̂ ∈ ŝs(σ) | |Z(α̂)| < K ′ }
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is finite for any K ′ > 0. Taking K ′ = |e−kipis| ·K, then Λk is finite for any k, which is a
contradiction. 
We note that by the same argument of [BM, Proposition B.4], q-support property
implies full in the terminology of [B3, Definition 4.2]. Adopting the proof of Bridgeland
[B2, Theorem 1.2], we obtain the corresponding statement in our case for the s-fiber of
q-stability conditions.
Theorem 2.10. The projection map of taking central charges
Zs : QStabsDX −→ HomR(K(DX),Cs),
((Z,P), s) 7→ Z
is a local homeomorphism of topological spaces. In particular, Zs induces a complex
structure on QStabsDX.
By Assumption 2.6, QStabsDX is of (complex) dimension n. Set
QStabDX :=
⋃
s∈C
QStabsDX .
Conjecture 2.11. QStabDX has the structure of a complex manifold of dimension
(n+ 1) and the projection map
π : QStabDX → C, (σ, s) 7→ s
is holomorphic.
2.3. Reductions on integers. In this section, we show that under some conditions,
the space of q-stability conditions with s ∈ Z coincides with the space of usual stability
conditions. First we recall the notion of orbit categories. Let D be a triangulated
category with a functor Φ: D → D, the orbit category D /Φ is defined to be the
category whose objects are the same as D and whose morphism spaces are given by
HomD /Φ(E,F ) :=
⊕
k∈Z
HomD(E,Φ
k(F )).
As in the previous section, let DX be a triangulated category with a distinguish auto-
equivalence X : DX → DX satisfying Assumption 2.6.
Definition 2.12. Let N be an integer. The orbit category
DN : = DX / [X−N ]
is N -reductive if
• DN a the triangulated hull of DX /[X−N ] so that the quotient functor πN : DX →
DN is exact,
• the Grothendieck group of DN is free of finite rank, i.e. K(DN ) ∼= Z
⊕n and the
induced R-linear map
[πN ] : K(DX)→ K(DN )
is a surjection given by sending q 7→ (−1)N .
In our motivating examples, DX is constructed with dg-structures, which makes the
(dg) triangulated hull of DX / [X−N ] unique.
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Construction 2.13. Assume that DX is N -reductive and let (σ,N) be an q-stability
condition on DX with σ = (Z,P). We define a stability conditions σN = (ZN ,PN ) on
DN as follows
• PN (φ) := P(φ);
• By Condition (f) in Definition 2.7, Z : K(DX)→ C factors through [πN ] and thus
we obtain a group homomorphism ZN : K(DN )→ C satisfying Z = ZN ◦ [πN ].
Lemma 2.14. If DN is N -reductive, then σN is a stability condition in StabDN .
Proof. Since (σ,N) satisfies Condition (e) in Definition 2.7, P on DN is well-defined
and satisfies Condition (b) in Definition 2.1. Since πN is exact, P satisfies Condition
(c), (d) in Definition 2.1. and thus a slicing. Thus, the lemma follows. 
For a q-stability condition σ, define a real number L(σ) by
L(σ) := inf
{
|Z(E)|
‖[E]‖
∣∣∣∣ [E] ∈ ŝs(σ) }
where ‖[E]‖ is the norm in Definition 2.8. Then we note that the support property is
equivalent to the condition L(σ) > 0.
Proposition 2.15. Let {σk}k≥1 is a sequence of q-stability conditions in QStabsDX
satisfies
• central charges Zk converges as k →∞ in HomR(K(DX),Cs),
• there is a uniform constant L > 0 such that
L(σk) ≥ L
for all k.
Then the sequence {σk}k≥1 converges to some stability condition σ∞ ∈ QStabsDX as
k →∞.
Proof. We show that for any real small number ǫ > 0, the limit Z∞ := limk→∞Zk
satisfies
|Z∞(E)− Zk(E)| < ǫ · |Zk(E)|
for sufficiently large k and all [E] ∈ ŝs(σk). Then the main theorem of Bridgeland
[B2, Theorem 7.1] implies the existence of a unique stability condition σ∞ with the
central charge Z∞ and satisfying d(σ∞, σk) < 1/2. Consider the operator norm ‖ · ‖ on
HomR(K(DX),Cs) defined by
‖W‖ := sup
06=E∈DX
|W (E)|
‖[E]‖
.
Then since Zk → Z∞ as k →∞, we have
‖Z∞ − Zk‖ < ǫ · L
for sufficiently large k. This implies
|Z∞(E)− Zk(E)| < ǫ · L · ‖[E]‖
for all 0 6= E ∈ DX. On the other hand, from the condition L(σk) ≥ L, we have
|Zk(E)| ≥ L · ‖[E]‖
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for all [E] ∈ ŝs(σk). Thus we obtain the result. 
Combining Lemma 2.14 and Proposition 2.15, we have the following, which is one of
the motivations that we introduce q-stability conditions.
Theorem 2.16. If DX is an N -reductive, then there is a canonical injection of complex
manifolds
ιN : QStabN (DX)→ StabDN ,
whose image of ιN is open and closed.
Proof. We show the closedness of the image of ιN and the other part is straightforward.
Take a convergent sequence {σn}n≥1 in StabDN with the limit σ∞ ∈ StabDN and
assume that σn = ιN (σ˜n) for σ˜n ∈ QStabN (DX). We show that there is some σ˜∞ ∈
QStabN (DX) such that ιN (σ˜∞) = σ∞. We check the sequence {σ˜n}n≥1 satisfies two
conditions of Proposition 2.15. The first condition follows since σn and σ˜n have the
same central charge and the sequence {σn}n≥1 is convergent. Next we consider the
second condition. Since the sequence {L(σ˜n)}n≥1 converges to some positive number
L(σ˜∞) > 0, there is uniform constant L > 0 such that L(σ˜n) > L. Then the second
condition also holds since L(σn) = L(σ˜n) by definition. 
In the following, we introduce a special type of q-stability condition, the induced
q-stability conditions, where we prove the corresponding Conjecture 2.11 holds.
2.4. X-baric hearts and induced pre q-stability conditions. In this section, we
introduce X-baric heart (a triangulated category) in an X-category DX as the X-analogue
of the usual heart (an abelian category) of a triangulated category. Note that this is a
special case of the baric structure studied by Achar-Treumann [AT] (see also [FM]).
Definition 2.17. An X-baric heart D∞ ⊂ DX is a full triangulated subcategory of DX
satisfying the following conditions:
(1) if k1 > k2 and Ai ∈ D∞[kiX] (i = 1, 2), then HomDX(A1, A2) = 0,
(2) for 0 6= E ∈ DX, there is a finite sequence of integers
k1 > k2 > · · · > km
and a collection of exact triangles
0 = E0 // E1
☎☎
☎☎
☎☎
☎
// E2
☎☎
☎☎
☎☎
☎
// . . . // Em−1 // Em
  ✂✂
✂✂
✂✂
✂
A1
\\✿
✿
✿
✿
A2
\\✿
✿
✿
✿
Am
``❆
❆
❆
❆
= E (2.6)
with Ai ∈ D∞[kiX] for all i.
Note that by definition, classes of objects in D∞ span K(DX) over R and we have a
canonical isomorphism
K(D∞)⊗Z R ∼= K(DX). (2.7)
The triangulated category DX is Calabi-Yau-X if X is the Serre functor, i.e. there is
a natural isomorphism:
X : Hom(X,Y )
∼
−→ Hom(Y,X)∨[X], (2.8)
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where V ∨ is the (graded, if V is) dual space of k-vector space V . For an X-baric heart
D∞ in a Calabi-Yau-X category DX, Condition (1) can be refined as
HomDX(A1, A2) = 0, (2.9)
for Ai ∈ D∞[kiX] and k1 − k2 /∈ {0, 1}.
Recall we have the specialization
qs : C[q, q
−1]→ C, q 7→ eipis.
Construction 2.18. Consider a triple (D∞, σ̂, s) consists of an X-baric heart D∞,
a (Bridgeland) stability condition σ̂ = (Ẑ, P̂) on D∞ and a complex number s. We
construct
1◦. the additive pre-stability condition σ⊕ = (Z,P⊕) and
2◦. the extension pre-stability condition σ∗ = (Z,P∗),
where
• first extend Ẑ to
Zq : = Ẑ ⊗ 1: K(DX)→ C[q, q
−1]
via (2.7) and
Z = qs ◦ Zq : K(DX)→ C
gives a central charge function on DX;
• the pre-slicing P⊕ is defined as
P⊕(φ) = add
s P̂ [ZX] : = add
⊕
k∈Z
P̂(φ− kRe(s))[kX]. (2.10)
• the pre-slicing P∗ is defined as
P∗(φ) = 〈P̂ [ZX]〉
s : = 〈P̂(φ− kRe(s))[kX]〉. (2.11)
Note that σ does not necessary satisfy condition (d) in Definition 2.1 and hence may
not be a stability condition.
Remark 2.19. Clearly, P⊕(φ) ⊂ P∗(φ) although their sets of simple objects coincide.
Also note that σ⊕ or σ∗, as a pre-stability condition, may be induced from different
triples.
By construction, for any object E ∈ P̂(φ), k ∈ Z,
Zq(E[kX]) = q
k ·m(E) · eipiφ,
where m(E) ∈ R>0.
2.5. On global dimensions of stability conditions.
Definition 2.20 (Global dimension). Given a slicing P on a triangulated category D.
Define the global dimension of P by
gldimP = sup{φ2 − φ1 | Hom(P(φ1),P(φ2)) 6= 0}. (2.12)
For a stability conditions σ = (Z,P) on D, its global dimension gldimσ is defined to be
gldimP.
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Remark 2.21. Given a heart H in D, let P be the associated slicing with P(φ) = H[φ]
for φ ∈ Z and P(φ) = ∅ otherwise. Then we have
gldimP = gldimH.
Lemma 2.22. Let P be a slicing on D with heart Hφ = P[φ, φ + 1). Then
| gldimP − gldimHφ |≤ 1.
Recall that SliceD the space of (locally-finite) slicing on D with the generalized metric
([B2, Lemma 6.1])
d(P,Q) = inf{ǫ ∈ R≥0 | Q(φ) ⊂ P[φ − ǫ, φ+ ǫ],∀φ ∈ R}
= sup
{
|φ+Q(E)− φ
+
P(E)|, |φ
−
Q(E) − φ
−
P(E)|
∣∣∣0 6= E ∈ D} . (2.13)
Moreover, the generalized metric on StabD can be defined as ([B2, Proposition 8.1])
d(σ1, σ2) = sup
{
|φ+σ2(E)− φ
+
σ1(E)|, |φ
−
σ2 (E)− φ
−
σ1(E)|, | log
mσ2(E)
mσ1(E)
|
∣∣∣0 6= E ∈ D} .
Therefore we have the following.
Lemma 2.23. The function gldim: SliceD → R≥0 is continuous and hence induces a
continuous function
gldim: StabD → R≥0 (2.14)
on StabD.
Proof. We will use the first line of (2.13) as definition for the topology of SliceD. For
any ǫ > 0, we claim that if d(P,Q) < ǫ/2, then
| gldimP − gldimQ |< ǫ.
For any δ > 0, there exists φ1, φ2 ∈ R such that φ2− φ1 ∈ (gldimQ− δ, gldimQ] and
Hom
(
Q(φ1),Q(φ2)
)
6= 0.
As Q(φi) ⊂ P(φi − ǫ/2, φi + ǫ/2), we have
Hom
(
P(φ1 − ǫ/2, φ1 + ǫ/2),P(φ2 − ǫ/2, φ2 + ǫ/2)
)
6= 0.
Thus,
gldimP ≥ (φ2 − ǫ/2)− (φ1 + ǫ/2) > gldimQ− δ − ǫ,
which implies that gldimP > gldimQ− ǫ. Similarly we have the inequality in the other
direction, which completes the claim (and hence the proof). 
2.6. The inducing theorem.
Lemma 2.24. Suppose P is either P⊕ in (2.10) or P∗ in (2.11), where P̂ is the slicing
of a stability condition D∞ of an X-baric heart of σ̂ of some Calabi-Yau-X category DX.
If Re(s) ≥ gldim σ̂, then
HomDX(P(φ1),P(φ2)) = 0
for φ1 > φ2.
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Proof. We need to show that for any φ1 > φ2, k1, k2 ∈ Z,
HomDX(P̂(φ1 − k1Re(s))[k1X], P̂(φ2 − k2Re(s))[k2X]) = 0. (2.15)
There are three cases:
• If k2 − k1 < 0 or k2 − k1 > 1, (2.15) follows from (2.9).
• If k1 = k2, the left hand side of (2.15) equals
HomD∞(P̂(φ1 − k1Re(s)), P̂(φ2 − k1Re(s))),
which is zero since φ1 − k1Re(s) > φ2 − k1Re(s).
• If k2 − k1 = 1, then apply Calabi-Yau-X duality, the left hand side of (2.15)
equals
DHomD∞(P̂(φ2 − k2Re(s)), P̂(φ1 − k1Re(s))).
Since
(φ1 − k1Re(s))− (φ2 − k2Re(s))
= φ1 − φ2 +Re(s)
> gldim P̂ ,
the Hom vanishes.

Theorem 2.25. Let DX be a Calabi-Yau-X category satisfies Assumption 2.6. Given a
stability condition σ̂ = (Ẑ, P̂) on an X-baric heart D∞ of DX, then we have the following.
1◦. The induced additive pre-stability condition σ⊕ = (Z,P⊕) is a stability condition
on DX if and only if
Hom(P̂(φ1), P̂(φ2)) = 0 for any φ2 − φ1 ≥ Re(s)− 1. (2.16)
2◦. The induced extension pre-stability condition σ∗ = (Z,P∗) is a stability condition
on DX if and only if
gldim σ̂ ≤ Re(s)− 1. (2.17)
Clearly, both σ⊕ and σ∗ satisfies (2.5) and hence (σ⊕, s) and (σ∗, s) are both q-stability
conditions. Finally, they satisfy q-support property, where K(D∞) provides the Z
n lattice
in Condition 1◦ of Definition 2.8.
Proof. We only prove the result for additive case where the extension case is just a slight
variation. Note that q-support property can be checked directly once we have shown
(σ⊕, s) and (σ∗, s) are both q-stability conditions.
First, we prove the ‘if’ part. We need to show that σ = (qs ◦ Zq,P) is a stability
condition on DX, where P is defined as P = add
s P̂ [ZX]. Clearly, Z = qs ◦Zq is a group
homomorphism that is compatible with P in the sense that
Z(E) = m(E)eipiφ
for some m(E) ∈ R>0 if E ∈ P(φ). By Lemma 2.24, P satisfies the Hom-vanishing
properties. Thus what is left to show is any object exists (and hence unique) a HN-
filtration (with respect to P).
Any object M in DX admits a filtration, with respect to the X-baric heart D∞,
filtX(M) = {E1[k1X], . . . , Em[kmX] | Ei ∈ D∞, k1 > · · · > km(∈ Z)}. (2.18)
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Moreover, each L−1(Ei) admits a filtration with respect to the slicing P̂ and hence
(2.18) can be refined as
filt0(M) = { E1,1[k1X], . . . , E1,l1 [k1X],
E2,1[k2X], . . . ,
. . . . . . Em,lm [kmX] | Ei,r ∈ P̂(φi,r)
k1 > · · · > km, l1, . . . , lm ∈ Z}
(2.19)
or simply as
filt0(M) = {F1, . . . , Ft | Fj ∈ P(φj)}. (2.20)
Now we claim that we can exchange the position of the factors in filt0(M) inductively
so that it becomes a filtration for P
filt(M) = {F ′1, . . . , F
′
t | F
′
j ∈ P(φ
′
j), φ
′
1 > · · · > φ
′
t}.
This is equivalent to show that (and then use induction)
• for j in (2.20) with φj < φj+1, we have
HomDX(Fj+1, Fj [1]) = 0, (2.21)
which implies, by the Octahedral Axiom, that the exchange of Fj and Fj+1 is
admissible.
Note that Fj = M [aX], Fj+1 = L[bX] for some M,L ∈ D∞, a ≥ b ∈ Z. There are three
cases:
• If a = b, then Fj , Fj+1 are factors of the same Ei (with respect to the slicing P̂)
and hence φj > φj+1 which contradicts to φj < φj+1.
• If a > b+ 1, then (2.21) follows from (2.9).
• If a = b+ 1. Let M̂ = L−1(M), L̂ = L−1(L). So φj < φj+1 is equivalent to
ϕP̂ (M̂) + Re(s) < ϕP̂ (L̂),
where ϕP̂ denotes the phase of objects in D∞ with respect to P̂. Hence
gldim P̂ < Re(s)− 1 = ϕP̂(L̂)− ϕP̂ (M̂ [1]),
which implies HomD∞(M̂ [1], L̂) = 0. Therefore we have
HomDX(Fj+1, Fj [1]) = HomDX(L,M [1 + X]) = DHomDX(M [1], L) = 0.
In all, P is a slicing, (qs ◦ Zq, P̂) is in StabDX and σ = L
s
∗(σ̂) = (Zq, P̂ , s) is in
QStab⊕s DX.
Next, let us prove the ‘only if’ part. Suppose that (2.16) does not hold, then there
exists M̂, L̂ in D∞ such that
HomD∞(M̂ [1], L̂) 6= 0 and ϕP̂ (L̂)− ϕP̂ (M̂ [1]) ≥ Re(s)− 1,
where ϕP̂ is the phase with respect to the slicing P̂ . Let M = L(M̂), L = L(L̂), then
0 6= DHomDX(M [1], L) = Hom(L,M [1 + X]) (2.22)
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and (here ϕP̂ denote the phase with respect to P̂)
ϕP̂ (L)− ϕP̂ (M [X]) = ϕP̂ (L̂)− ϕP̂ (M̂)− Re(s) ≥ 0. (2.23)
By (2.22), there exists an object E sits in the nontrivial triangle
M [X]→ E → L→M [1 + X].
Consider the filtration of E with respect to the X-baric heart D∞, which must be the
triangle above, i.e.
filtX(E) = {M [X], L}. (2.24)
Consider the filtration of E with respect to the slicing P = adds P̂ [ZX]
filt(E) = {F1, . . . , Ft | Fj ∈ P(φj), φ1 > · · · > φt}. (2.25)
Again, using the Octahedral Axiom (and vanishing Hom) we can rearrange the order of
the factors so that it becomes
filt(E) = {F ′1, . . . , F
′
t | F
′
j = Ei[kiX], Ei ∈ R0, k1 ≥ · · · ≥ kt}.
Compares with the filtration (2.24), we deduce that 1 = k1 = · · · = kj , kj+1 = · · · =
kt = 0 and there are filtrations
filt(M) = {E1, . . . , Ej},
filt(L) = {Ej+1, . . . , Et}.
As M and L are (semi)stable objects, then the phase of Ei equal phase of M (with
respect to P) for 1 ≤ i ≤ j and the phase of Ei equal phase of L (with respect to P) for
j + 1 ≤ i ≤ t. As {Ei[ki]} are rearrangement of Fi ∈ P(φj), we deduce that j = 1 and
t = 2, i.e. the filtration (2.24) coincide with the filtration (2.25). However, then (2.23)
implies φ1 = ϕP̂(M [X]) ≤ ϕP̂(L) = φ2 that contradicts to φ1 > φ2, which completes
the proof. 
Definition 2.26. An open (induced) q-stability condition on DX is a pair (σ, s) con-
sisting of a stability condition σ on DX and a complex parameter s, satisfying
• σ = σ⊕ is an additive pre-stability condition induced from some triple (D∞, σ̂, s)
as in Construction 2.18 with
gldim σ̂ + 1 < Re(s) (2.26)
Denote by QStab⊕s DX the set of all open q-stability conditions with the parameter s ∈ C
and by QStab⊕DX the union of all QStab
⊕
s DX.
Similarly, a closed (induced) q-stability condition on DX is a pair (σ, s) consisting of
a stability condition σ on DX and a complex parameter s, satisfying
• σ = σ∗ is an extension pre-stability condition induced from some triple (D∞, σ̂, s).
Note that Theorem 2.25 forces the inequality (2.17) holds.
Denote by QStab∗s DX the set of all closed q-stability conditions with the parameter
s ∈ C.
By comparing inequalities (2.26) and (2.17) one deduces that QStab⊕s DX ⊂ QStab
∗
s DX.
We prefer to consider open q-stability conditions as we can glue them together. In fact,
in most of the cases we are interested in (with Re(s) ≥ 2), we expect they coincide.
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Theorem 2.27. Let DX be a Calabi-Yau-X category satisfies Assumption 2.6. Then
QStab⊕DX is a complex manifold with dimension n+ 1.
Proof. Given an open q-stability condition (σ, s), suppose that σ is induced from a
triple (D∞, σ̂, s). Then by Theorem 2.25, we have (2.16). As gldim is continuous by
Lemma 2.23, there is a neighbourhood U(σ̂) of σ̂ in StabD∞ satisfying
Re(s) > gldim σ̂′ + 1 + ǫ
condition for any σ̂′ ∈ U(σ̂) and some positive real number ǫ. Hence, for any σ̂′ in U(σ̂)
and s′ ∈ (s − ǫ, s + ǫ), the triple (D∞, σ̂
′, s′) induces an open q-stability. This gives a
local chart for QStab⊕DX, that isomorphic to
U(σ̂)× (s− ǫ, s+ ǫ).
This type of charts provide the required complex manifold structure. 
Remark 2.28. One of the key feature of the local charts we construct in Theorem 2.27
is that each point (σ, s) admits a distinguish section Γ = {(σ′, s′)} for s′ ∈ (s− ǫ, s+ ǫ),
satisfying
• the sets of (semi)-stable objects are invariants along this section.
By Theorem 2.25, the minimal value of the global function on the X-baric heart is
important concerning the question that if QStabsDX is empty or not. We have the
following conjecture.
Conjecture 2.29. If Re(s) > inf gldimStabD∞+1 for some X-baric heart of DX, then
QStab⊕s DX = QStab
∗
s DX (2.27)
and they consist of connected components of QStabsDX.
The rest of the paper will explore our motivating examples for Calabi-Yau-X cate-
gories that admits interesting q-stability conditions and discuss various applications.
3. Calabi-Yau-X categories
3.1. Differential double graded algebras. The aim of this section is to introduce
differential double graded algebras which are differential graded algebras graded by
Z × Z. For convenience, we identify Z × Z with the rank two free module Z ⊕ ZX
spanned by the basis 1 and X. Thus a pair of integers (m, l) ∈ Z× Z is identified with
m+ lX ∈ Z⊕ ZX.
A differential double graded (ddg) algebra A is a graded algebra
A :=
⊕
m,l∈Z
Am+lX
graded by Z ⊕ ZX with the differential d: Am+lX → Am+1+lX of degree 1. We can
also define ddg-modules over A similar to usual dg-modules. For ddg-module M =
⊕m,lM
m+lX with the differential d, the degree shift M ′ =M [k + lX] is defined by
(M ′)m+lX :=Mm+k+(l+l)X
with the new differential d′ := (−1)k d.
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Let D(A) be the derived category of ddg-modules over A. A perfect derived category
perA ⊂ D(A) is the smallest full triangulated subcategory containing A and closed
under taking direct summands.
3.2. Calabi-Yau algebras and Calabi-Yau categories. In this section, we recall the
definition of Calabi-Yau algebras. As in the previous section, let A be a ddg-algebra.
An enveloping algebra of A is defined by Ae := A ⊗ Aop. The ddg-algebra A has the
Ae-module structure through the two-sided action of A.
A ddg-algebra A is called homologically smooth if
A ∈ perAe.
Let A be a homologically smooth ddg-algebra. The inverse dualizing complex ΘA is
defined by the projective resolution of
RHomAe(A,A
e).
We treat ΘA as an object in perA
e. Denote by Dfd(A) the full subcategory of D(A)
consisting of ddg-modules with finite dimensional total cohomology, i.e.
Dfd(A) := {M ∈ D(A) |
∑
k
dimHk(M) <∞}.
By using ΘA, the Serre duality is described as follows.
Lemma 3.1 ([K1], Lemma 3.4). Let A be a homologically smooth ddg-algebra and ΘA
be its inverse dualizing complex. Then, for any ddg-modules M,N ∈ Dfd(A), there is a
canonical isomorphism
HomD(A)(M ⊗A ΘA, N)
∼
−→ DHomD(A)(N,M).
The following Calabi-Yau property of a ddg-algebra is due to Ginzburg and Kontse-
vich [G, Def. 3.2.3].
Definition 3.2. Let N ∈ Z⊕ ZX. A ddg-algebra A is called an Calabi-Yau-N algebra
if A is homologically smooth and
ΘA
∼
−→ A[−N ]
in perA.
If A is a Calabi-Yau-N algebra, then Dfd(A) becomes a Calabi-Yau-N category.
3.3. Calabi-Yau-X completions for ddg-algebras. As in the previous section, we
consider ddg-algebras indexed by Z⊕ ZX.
Definition 3.3. Let A be a homologically smooth ddg-algebra and ΘA be its inverse
dualizing complex. The Calabi-Yau-X completion of A is defined by
ΠX(A) := TA(θ) = A⊕ θ ⊕ (θ ⊗A θ)⊕ · · ·
where θ := ΘA[X− 1] and TA(θ) is the tensor algebra of θ over A.
Keller’s result can be adopted in this setting.
Theorem 3.4 ([K1], Theorem 6.3 and [K4], Theorem 1.1). For a homologically smooth
ddg-algebra A, the Calabi-Yau-X completion ΠX(A) becomes a Calabi-Yau-X algebra. In
particular, Dfd(ΠX(A)) is Calabi-Yau-X.
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We also have the following.
Lemma 3.5. [K1, Lemma. 4.4] The canonical projection (on the first component)
ΠX(A)→ A induces an Lagrangian-X immersion
L : Dfd(A)→ Dfd(ΠX(A)),
in the sense that for L,M ∈ Dfd(A), we have
RHomΠ(L(L),L(M)) = RHomA(L,M)⊕DRHomA(M,L)[−X]. (3.1)
Remark 3.6. All statements of this section work not only for X but also for any
N ∈ Z⊕ ZX. However in this paper, we mainly deal with the case N = X.
3.4. Acyclic quiver case. In the case that A is a path algebra of an acyclic quiver,
the Calabi-Yau-X completion ΠX(A) has the following explicit description, known as
the Ginzburg Calabi-Yau algebra [G].
Definition 3.7. [G, K1] Let Q = (Q0, Q1) be a finite acyclic quiver with vertices
Q0 = {1, . . . , n} and arrows Q1. We introduce the Ginzburg Calabi-Yau-X ddg algebra
ΓXQ := (kQ, d) as follows. Define a Z ⊕ ZX-graded quiver Q with vertices Q0 =
{1, . . . , n} and following arrows:
• an original arrow a : i→ j ∈ Q1 (degree 0);
• an opposite arrow a∗ : j → i for the original arrow a : i→ j ∈ Q1 (degree 2−X);
• a loop ti for each vertex i ∈ Q0 (degree 1−X).
Let kQ be a Z⊕ZX-graded path algebra of Q, and define a differential d : kQ→ kQ of
degree 1 by
• d a = d a∗ = 0 for a ∈ Q1;
• d ti = ei
(∑
a∈Q1
(aa∗ − a∗a)
)
ei;
where ei is the idempotent at i ∈ Q0. Thus we have the ddg algebra ΓXQ = (kQ,d).
Note that the 0-th homology is given by H0(ΓXQ) ∼= kQ.
Denote by D∞(Q) : = D
b(kQ) the bounded derived category of kQ and
DX(Q) : = Dfd(ΓXQ)
the finite-dimensional derived category of ΓXQ. Applying the results from Section 3.3,
we have the following.
Corollary 3.8. The Calabi-Yau-X completion ΠX(kQ) of the path algebra kQ is isomor-
phic to the Ginzburg Calabi-Yau-X algebra ΓXQ. In particular, DX(Q) is Calabi-Yau-X.
There is an Lagrangian immersion
LQ : D∞(Q)→ DX(Q). (3.2)
By abuse of notation, we will not distinguish D∞(Q) and LQ(D∞(Q)).
Proposition 3.9. D∞(Q) is an X-baric heart of DX(Q).
Proof. Regard ΓXQ as a ZX-graded algebra. As X is the grading shift, any object admits
an (HN-)filtration (2.6). The Hom vanishing property comes from the fact that ΓXQ
is concentrated in non-positive degrees (with respect to the ZX grading). Therefore,
D∞(Q) is an X-baric heart of DX(Q). 
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Thus, we can apply our general results, namely Theorem 2.25 and Theorem 2.27. In
particular, we can construct q-stability conditions on DX(Q) for any s with Re(s) ≥ 2.
3.5. C∗-equivariant coherent sheaves on canonical bundles. Let X be a smooth
projective variety over C and Db(CohX) the bounded derived category of coherent
sheaves on X. Due to [BB], there is a classical generator G ∈ Db(CohX) and [O]
gives the direct description G = ⊕d+1i=1L
i where L is the ample line bundle on X and
d = dimX. Consider the endomorphism dg-algebra A := RHom(G,G). Then we have
the equivalence of derived categories
F := RHom(G,−) : D(QcohX)→ D(A). (3.3)
Since G is a classical generator of Db(CohX), the restriction of F gives the equivalence
F : Db(CohX)
∼=
−→ perA.
By [BB, Lemma 3.4.1], the object G⊠G∗ is a generator of Db(Coh(X ×X)). Thus we
also have the equivalence
F e := RHom(G⊠G∗,−) : Db(Coh(X ×X))
∼=
−→ perAe (3.4)
since RHom(G⊠G∗, G⊠G∗) ∼= A⊗Aop = Ae.
We note that perX ×X ∼= Db(Coh(X ×X)) since X is smooth. For a perfect object
E ∈ perX ×X, define the derived dual by
E∨ := HomOX×X (E ,OX×X ) ∈ perX ×X.
Similarly for a perfect objectM ∈ perAe, letM∨ := HomAe(M,A
e) be its derived dual.
By definition, M∨ has a natural left Ae-module structure (so the right (Ae)op-module
structure). We note (Ae)op ∼= Aop ⊗A. Through the algebra homomorphism
τ : A⊗Aop → Aop ⊗A,
a× b 7→ (−1)|a||b|b⊗ a
exchanging two components, we can define the right Ae-module structure on M∨. Thus
M∨ can be regards as an object in perAe.
Lemma 3.10. Let ∆: X → X ×X be the diagonal embedding. Then
F e(∆∗K
−1
X ) = ΘA[d].
Proof. First we check that F e(∆∗OX) = A. By definition, G⊠G
∗ = p∗1G⊗ p
∗
2G
∗ where
pi are projections from X ×X to the i-th component. Then
F e(∆∗OX) = RHom(p
∗
1G⊗ p
∗
2G
∗,∆∗OX)
= RHom(p∗1G, p
∗
2G⊗∆∗OX)
= RHom(p∗1G,∆∗(G⊗OX))
= RHom(∆∗p∗1G,G) = A.
By definition, the derived dual A∨ in per(Ae) is ΘA. On the other hand, the derived dual
(∆∗OX)
∨ in perX×X can be computed as follows. By using the Grothendieck-Verdier
duality, we have
(∆∗OX)
∨ = Hom(∆∗OX ,OX×X) ∼= ∆∗Hom(OX ,∆
∗OX×X ⊗K∆[−d])
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where d = dimX is the relative dimension of ∆, and
K∆ := KX ⊗∆
∗K−1X×X
is the relative dualizing bundle of ∆. Note that ∆∗OX×X ∼= OX . Thus we have
∆∗HomOX (OX ,∆
∗OX×X ⊗K∆[−d]) ∼= ∆∗(KX ⊗∆
∗K−1X×X [−d]).
Finally, the adjunction formula for ∆: X → X ×X implies
KX ∼= ∆
∗KX×X ⊗
rankN∧
N
where N is the normal bundle and in this case, N ∼= TX . So ∆
∗KX×X ∼= K
⊗2
X and
hence we have (∆∗OX)
∨ ∼= K−1X [−d]. Since F
e commutes with taking the derived dual
by next lemma, the result follows. 
We show F e commutes with taking the derived dual.
Lemma 3.11. There is an isomorphism of right Ae-modules
F e(E∨) ∼= F e(E)∨
for E ∈ per(X ×X).
Proof. The left hand side is
F e(E∨) = Hom(G⊠G∨, E∨).
The right hand side is
F e(E)∨ = HomAe(HomX×X(G⊠G
∨, E), Ae)
∼= HomAe(HomX×X(G⊠G
∨, E),HomX×X(G⊠G
∨, G⊠G∨))
∼= HomX×X(E , G ⊠G
∨)
∼= HomX×X((G ⊠G
∨)∨, E∨)
∼= HomX×X(G
∨
⊠G, E∨).
Clearly, F e(E∨) is isomorhpic to F e(E)∨ as complexes of vector spaces. Since A⊗Aop ∼=
HomX(G,G) ⊗HomX(G
∨, G∨) acts on this through the exchange
τ : HomX(G,G) ⊗HomX(G
∨, G∨)→ HomX(G
∨, G∨)⊗HomX(G,G),
Ae-module structures coincide. 
Remark 3.12. Here we show Lemma 3.10 for a smooth projective variety. However,
the result also holds for a smooth quasi-projective variety. See [HK, Proposition 3.10].
Let
pij : X ×X ×X → X ×X
be projections on the i-the and j-th component for 1 ≤ i < j ≤ 3.
Define the convolution product
∗ : Db(Coh(X ×X))×Db(Coh(X ×X))→ Db(Coh(X ×X))
by
(E ,F) 7→ E ∗ F := p13∗(p
∗
12E ⊗ p
∗
23F).
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Then Db(Coh(X×X)) has the monoidal structure by the convolution product with the
unit object ∆∗OX . On the other hand, the category perA
e has the monoidal structure
by the tensor product M ⊗A N for M,N ∈ perA
e with the unit object A. It is easy to
check the following.
Lemma 3.13.
• The functor ∆∗ : D
b(CohX)→ Db(Coh(X ×X)) is a monoidal functor.
• The functor F e : Db(Coh(X ×X))→ perAe is a monoidal functor.
Let Y := V(KX) be the total space of the canonical bundle of X. We note that as a
scheme, Y is given by
Y = SpecXTK
−1
X
where TK−1X is the tensor algebra of the inverse of the canonical sheaf. (Since K
−1
X is
rank one, the tensor algebra TK−1X coincides with the symmetric algebra SK
−1
X .) We
note that the bounded derived category of coherent sheaves on Y can be identified with
the bounded derived category of finite rank TK−1X -modules on X:
Db(CohY ) ∼= Db(mod−TK−1X ).
Since Lemma 3.10 and Lemma 3.13 imply
F e(∆∗TK
−1
X ) = T(ΘA[d]) = Πd+1(A),
we have an equivalence
Db(CohY ) ∼= perΠd+1(A).
Denote by Dbc(Y ) the derived category of coherent sheaves on Y with compact support
cohomology. Then we also have an equivalence
Dbc(CohY )
∼= Dfd(Πd+1(A)).
Next we consider the fiber scaling action of C∗ on Y and C∗-equivariant coherent
sheaves on Y . For a C∗-module M , we have the weight decomposition
M :=
⊕
m∈Z
Mm
where t ∈ C∗ acts on Md by td. We denote by M{1} the weight one shift of M , namely
M{1}m :=Mm+1. The C∗-action on Y induces the weight decomposition on TK−1X :
(TK−1X )gr := T(K
−1
X {1}) =
⊕
m≥0
K−mX {m}
where t ∈ C acts on K−mX {m} as t
−m. We regard (TK−1X )gr as a Z-graded algebra
through the above weight decomposition. Then a C∗-equivariant coherent sheaf on Y
can be identified with a finite rank Z-graded (TK−1X )gr-module over X. Again there is
an equivalence
DbC∗(Y )
∼= Db(grmod−(TK−1X )gr)
where the left hand side is the bounded derived category of C∗-equivariant coherent
sheaves on Y and the right hand side is the bounded derived category of finite rank
Z-graded (TK−1X )gr-modules over X.
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Through the identification of K−1X with ΘA[d], one can define the extra Z-grading
structure on T(ΘA[d]) by
T(ΘA[d])gr :=
⊕
m≥0
(ΘA[d]{1})
⊗m.
If we set [X] := [d+1]{1}, then by definition we regard T(ΘA[d])gr as the Calabi-Yau-X
completion ΠX(A). Thus we obtain the following equivalences.
Proposition 3.14. There is an equivalence of derived categories
DbC∗(Y )
∼= perΠX(A) (3.5)
and the shift [d + 1]{1} in the left hand side coincides with the shift [X] in the right
hand side. By restricting objects in the left hand side to those with compact support
cohomology, we have an equivalence
Dbc,C∗(Y )
∼= Dfd(ΠX(A)). (3.6)
In particular, Dbc,C∗(Y ) is Calabi-Yau-[d+ 1]{1}.
Example 3.15. Let X be the projective line P1 and Q be the Kronecker quiver (i.e.
type A˜1,1). Then there is a triangulated equivalence
Db(CohX) ∼= D∞(Q). (3.7)
Then the proposition above implies the Calabi-Yau-X version of this equivalence
Dbc,C∗(Y )
∼= DX(Q) (3.8)
where Y = T ∗P1 and X = [2]{1}. In this case we can describe the above category as
the derived category of the graded preprojective algebra of Q as follows. Consider the
graded double quiver Q˜gr
a1, a2
a∗1 , a
∗
2
21
with the grading deg ai = 0 and deg a
∗
i = −1 for i = 1, 2. Let
Π(Q)gr := CQ˜gr/(a1a
∗
1 − a
∗
1a1, a2a
∗
2 − a
∗
2a2)
be the graded preprojective algebra of Q and Db(grmod−Π(Q)gr) be the bounded de-
rived category of finite dimensional graded modules over Π(Q)gr. Then this grading fits
into the weight of C∗-action on Y and we have an equivalence
Dbc,C∗(Y )
∼= Db(grmod−Π(Q)gr).
Example 3.16. When X is the projective plane P2, then there is a corresponding
version of (3.7), where Q is the following quiver
x1, y1, z1 x2, y2, z2
2 31
with some commutative relations
a1b2 = b1a2, a, b ∈ {x, y, z}.
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We can also upgraded that to a Calabi-Yau-X version (3.8). Again we can describe the
above category as follows. Consider the following graded quiver with graded potential
(Q˜gr,Wgr)
3
2
1
x 1
, y
1
, z
1
x
2 , y
2 , z
2
x3, y3, z3
Q˜gr :
W =
3∑
i=1
(xiyizi − xiziyi)
where deg x3, y3, z3 = −1 and gradings of other arrows are zero. Then we have an
associated graded Jacobi algebra J(Q˜gr,Wgr). Thus there is an equivalence
Dbc,C∗(Y )
∼= Db(grmod−J(Q˜gr,Wgr)).
Finally we note that its X = 3-reduction implies to forget the grading from (Q˜gr,Wgr)
since X = [3]{1}. Therefore the X = 3-reduction gives the equivalence
Db
P2
(Y ) ∼= Db(mod−J(Q˜,W )), (3.9)
between the derived category of coherent sheaves on the local P2, considered in [BM],
and the derived category of finite dimensional modules over the Jacobi algebra of (Q˜,W )
which is obtained by forgetting the grading of (Q˜gr,Wgr). We will explore this direc-
tion/application in the future studies.
4. Categorifications of q-deformed root lattices
4.1. q-deformed root lattices. Recall the notation R := Z[q, q−1]. Let Q be an
acyclic quiver with vertices {1, . . . , n} and bij be the number of arrows from i to j.
We introduce the q-deformed Cartan matrix AQ(q) = (a(q)ij) by
a(q)ij := δij + q δji − (bij + q bji)
where δij is the Kronecker delta. We note that the specialization a(1)ij at q = 1 gives
the usual generalize Cartan matrix associated with the underlying Dynkin diagram of
Q. The matrix AQ(q) satisfies the skew symmetric conditions
AQ(q)
T = q AQ(q
−1).
Definition 4.1. Let LQ be a free abelian group of rank n with generators α1, . . . , αn
which correspond to vertices 1, . . . , n of Q:
LQ :=
n⊕
i=1
Zαi.
We set LQ,R := LQ ⊗Z R and define the q-deformed bilinear form
( , )q : LQ,R × LQ,R → R
by (αi, αj)q := aij(q). We call (LQ,R, ( , )q) the q-deformed root lattice.
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Corresponding to simple roots α1, . . . , αn, we defineR-linear maps r
q
1, . . . , r
q
n : LQ,R →
LQ,R by
rqi (α) := α− (α,αi)q αi.
Then we can check that
(rqi )
−1(α) := α− (αi, α)q−1 αi
by the skew symmetry q(αi, α)q−1 = (α,αi). The relations of r
q
1, . . . , r
q
n will be described
in the next section. Here we consider the special case q = 1 and write ri := r
q=1
i . The
group
WQ := 〈r1, . . . , rn〉
generated by simple reflections r1, . . . , rn is called the Weyl group and satisfies the
relations
riri = 1
rirj = rjri if a(1)ij = 0
rirjri = rjrirj if a(1)ij = −1.
Note that these relations give the description of WQ as the Coxeter group.
4.2. Artin groups and Hecke algebras. In this section, we define the Artin group
associated to an acyclic quiver Q and discuss the representation of it through Hecke
algebras.
Definition 4.2 ([BrSa]). The Artin group BrQ is the group generated by ψ1, ψ2, . . . , ψn
and relations
ψiψj = ψjψi if a(1)ij = 0
ψiψjψi = ψjψiψj if a(1)ij = −1.
By using reflections rq1, . . . , r
q
n, we can construct the representation of BrQ on LQ,R.
Lemma 4.3. The correspondence of generators
BrQ → GL(LQ,R), ψ
−1
i 7→ r
q
i
gives the representation of BrQ on LQ,R. In other words, reflections r
q
1, . . . , r
q
n satisfy
the relations in Definition 4.2.
Proof. First we show the relation rqi r
q
j r
q
i = r
q
jr
q
i r
q
j if aij = −1 for i 6= j. Recall the
definition of a(q)ij :
a(q)ij = δij + q δji − (bij + q bji).
Since the condition a(1)ij = −1 implies bij = 1 and bji = 0 or vice versa, we have
a(q)ij = −1 or a(q)ij = −q. In particular, we have a(q)ija(q)ji = q. By using this
equality, we have the following:
rqi r
q
j r
q
i (αk) = αk +
(
a(q)kia(q)ij − a(q)kj
)
αj
+
(
a(q)kja(q)ji − a(q)ki
)
αi.
As the right hand side is an invariant when exchanging i and j, we have rqi r
q
j r
q
i = r
q
jr
q
i r
q
j .
Similar we have rqi r
q
j = r
q
jr
q
i if aij = 0. 
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If Q is the An-quiver, the above representation is known as the reduced Burau rep-
resentation.
Definition 4.4. The Hecke algebra HQ is an R-algebra generated by T1. . . . , Tn with
relations
(Ti − q)(Ti + 1) = 0
TiTj = TjTi if aij(1) = 0
TiTjTi = TjTiTj if aij(1) = −1.
Proposition 4.5. Let R[BrQ] be the group ring of BrQ over R. Then the representation
R[BrQ]→ R[GL(LQ,R)], ψi 7→ r
q
i
in Lemma 4.3 factors the Hecke algebra HQ:
R[BrQ]
✤ //
##●
●●
●●
●●
●●
R[GL(LQ,R)] ψ
−1
i
✤ //
✄
!!❈
❈❈
❈❈
❈❈
❈
rqi
HQ
99sssssssssss
−Ti
❂
>>⑥⑥⑥⑥⑥⑥⑥⑥
.
Proof. We need to show that
(−rqi − q)(−r
q
i + 1) = 0.
We note that rqi (αi) = −q. Then we have the following calculation:
(−rqi − q)(−r
q
i + 1)(αk) = (r
q
i )
2(αk) + (q − 1)r
q
i (αk)− qαk
= rqi (αk − a(q)kiαi) + (q − 1)(αk − a(q)kiαi)− qαk
= αk − a(q)kiαi + qa(q)kiαi + (q − 1)(αk − a(q)kiαi)− qαk
= 0.

4.3. Grothendieck groups and q-deformed root lattices. In this section, we real-
ize q-deformed root lattices as the Grothendieck groups of derived categories of Calabi-
Yau-X completions of acyclic quivers. Let Q be an acyclic quiver and kQ be the path
algebra of Q. Consider the Calabi-Yau-X completion ΠX(kQ) and its derived category
Dfd(ΠX(kQ)). For simplicity, write
DX(Q) := Dfd(ΠX(kQ)).
LetK(DX(Q)) be the Grothendieck group ofDX(Q) and define theR = Z[q, q
−1]-module
structure on it by
qn · [E] := [E[nX]]
for qn ∈ R and E ∈ DX(Q). Let S1, . . . , Sn ∈ DX(Q) be simple modules of ΠX(kQ)
corresponding to vertices {1, . . . , n} of Q.
Lemma 4.6. The Grothendieck group K(DX(Q)) is given by
K(DX(Q)) ∼=
n⊕
i=1
R[Si], [Si[m+ nX]] 7→ (−1)
mqn [Si].
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Next define the Euler form
K(DX(Q))×K(DX(Q))→ R
by
χ(E,F )(q) :=
∑
m,l∈Z
(−1)mql dimkHom(E,F [m+ lX]).
Thus we obtain the pair (K(DX(Q)), χ). This gives the categorification of the corre-
sponding q-deformed root lattice as follows.
Proposition 4.7. The pair (K(DX(Q)), χ) is isomorphic to the q-deformed root lattice
(LQ,R, ( , )q) through the map
K(DX(Q))
∼
−→ LQ,R, [Si] 7→ αi.
Proof. By Lemma 4.6, the isomorphism of abelian groups K(DQ,X)
∼
−→ LQ,R is clear.
The remaining part is to show that χ(Si, Sj) = (αi, αj)q. Let D(Q) be the bounded
derived category of finite dimensional modules over the path algebra kQ and denote by
χ0 the Euler form on D(Q). Corollary 3.8 implies that
χ(LQ(E),LQ(F )) = χ0(E,F ) + q χ0(F,E)
where LQ : D(Q) → DX(Q) and E,F ∈ D(Q). For the path algebra kQ, we can
compute
dimHomD(Q)(Si, Sj) = δij
dimHomD(Q)(Si, Sj [1]) = dimExt
1(Si, Sj) = bij .
Thus we have χ0(Si, Sj) = δij − bij, and
χ(Si, Sj) = χ0(Si, Sj) + q χ0(Sj , Si)
= δij − bij + q(δji − bji) = (αi, αj)q.

4.4. Spherical twists. Finally, we categorify the action of Hecke algebras defined in
Section 4.2 through the Seidel-Thomas spherical twists. An object S ∈ DX(Q) is called
X-spherical if
Hom(S, S[i]) =
{
k if i = 0,X
0 otherwise.
Set
HomZ
2
(S,E)⊗ S :=
⊕
m,l∈Z
Hom(S[m+ lX], E)⊗ S[m+ lX].
Proposition 4.8 ([ST], Proposition 2.10). For a spherical object S ∈ DX(Q), there is
an exact auto-equivalence ΨS ∈ AutDX(Q) defined by the exact triangle
HomZ
2
(S,E) ⊗ S −→ E −→ ΨS(E)
for any object E ∈ DX(Q). The inverse functor Ψ
−1
S ∈ AutDX(Q) is given by
Ψ−1S (E) −→ E −→ S ⊗Hom
Z2(E,S)∨.
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Let Si = S
X
i be simple ΓXQ-modules corresponding to vertices {1, . . . , n} of Q. It
is easy to check that S1, . . . , Sn are X-spherical objects. Thus we can define spherical
twists ΨS1 , . . . ,ΨSn ∈ AutDX(Q).
The Seidel-Thomas’ spherical twist group is defined to be the subgroup of AutDX(Q)
generated by spherical twists ΨS1 , . . . ,ΨSn , i.e.
STX(Q) := 〈ΨS1 , . . . ,ΨSn〉 .
Proposition 4.9 ([ST], Theorem 1.2). For the group STX(Q), the following relations
hold :
ΨSiΨSj = ΨSjΨSi if χ(Si, Sj)(1) = 0
ΨSiΨSjΨSi = ΨSjΨSiΨSj if χ(Si, Sj)(1) = −1.
Proposition 4.9 implies that there is a surjective group homomorphism
ιXQ : BrQ → STX(Q), ψi 7→ ΨSi . (4.1)
On the Grothendieck group K(DX(Q)), the spherical twist ΨSi induces a reflection
[ΨSi ] : K(DX(Q))→ K(DX(Q)) given by
[ΨSi ]([E]) = [E]− χ(Si, E)(q
−1)[Si].
Then the inverse of [ΨSi ] is
[ΨSi ]
−1([E]) = [E]− χ(E,Si)(q)[Si].
Recall from Proposition 4.7 that (K(DX(Q)), χ) ∼= (LQ,R, ( , )q). Under this isomor-
phism, we can identify the reflection [ΨSi ] on K(DX(Q)) with the reflection r
q
i on LQ,R
for i = 1, . . . , n.
Proposition 4.10. Through the isomorphism K(DX(Q)) ∼= LQ,R, the action of [ΨSi ]
−1
coincides with the action of rqi on LQ,R. In particular, the representation of BrQ on
K(DX(Q)) defined by ψ
−1
i 7→ [ΨSi ]
−1 is equivalent to the representation given in Lemma
4.3.
For theAn-quivers, this construction is given by Khovanov-Seidel (see [KhS, Prop. 2.8])
as the categorifications of Burau representations.
Remark 4.11. If we consider the usual Calabi-Yau-N completion ΠN (kQ) for N ∈
Z≥2, then we obtain all results in Section 4.3 and Section 4.4 with the specialization
q = (−1)N .
5. N-reduction and cluster-X categories
In this section, we show the application of Calabi-Yau-X completion and N -reduction
to the study of cluster-X/Calabi-Yau-N categories, for an acyclic quiver Q.
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5.1. N-reduction. In Definition 3.7, replacing X with an integer N ≥ 2, we obtain the
usual Ginzburg dg algebra ΓN Q and the corresponding Calabi-Yau-N category DN (Q).
On the level of differential (double) graded algebras, there is a projection
πN : ΓXQ→ ΓN Q (5.1)
collapsing the double degree (a, b) ∈ Z⊕ ZX into a+ bN ∈ Z, that induces a functor
πN : DX(Q)→ DN (Q).
Thus, we obtain the following (cf. [ST, Prop 4.18], [K2], [KaY, Theorem 5.1]).
Proposition 5.1. DX(Q)/[X − N ] is N -reductive, where the triangulated structure is
provided by its unique triangulated hull DN (Q).
Thus, in this case we have
DN (Q) = DX(Q) / [X−N ].
Similarly, there is N -reduction πN : per ΓXQ → perΓN Q. A direct corollary is the
following.
Corollary 5.2. πN induces an injection iN : AutDX(Q)/[X −N ]→ AutDN (Q).
For DN (Q), we also have the corresponding spherical twist group STN (Q), generated
by spherical twists along the N -spherical simple ΓN Q-modules. When Q is of type A,
[KhS] shows ιXQ in (4.1) is an isomorphism. [ST] proves the corresponding
ιNQ : BrQ → STN (Q)
is also an isomorphism using Proposition 5.1. Recall the following result for the Dynkin
case and affine type A case.
Theorem 5.3. ιNQ is an isomorphism when
• Q is a Dynkin quiver and N ≥ 2 ([QW, Thm. B]).
• Q is affine type A and N = 2 ([IUU, Cor. 37]) or 3 ([Q2, Thm. 7.3]).
Then combining with Corollary 5.2, we obtain Calabi-Yau-X version as a direct corol-
lary of Corollary 5.2.
Theorem 5.4. Let Q either be a Dynkin quiver or an affine type A quiver. Then ιXQ is
an isomorphism for any N ≥ 2.
Similarly, by importing for the case when Q if affine type A, we have the following.
5.2. Perfect derived categories as cluster-X categories. Recall that cluster cat-
egories C(Q) were introduced in [BMRRT] to categorify cluster algebras associated to
an acyclic quiver Q. Keller [K2] provided the construction of cluster categories as orbit
categories.
Definition 5.5. [BMRRT, K2] For any integer m ≥ 2, the m-cluster shift is the auto-
equivalence of perkQ ∼= D∞(Q) given by Σm = τ
−1 ◦ [m − 1]. The m-cluster category
Cm(Q) is the orbit category D∞(Q)/Σm.
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Note that Cm(Q) is Calabi-Yau-m and the classical case (corresponds to cluster alge-
bras) is when m = 2. Another way to realize cluster categories is via Verdier quotient.
Let
C(ΓN Q) : = perΓN Q/DN (Q) (5.2)
be the generalized cluster category associated to ΓN Q, i.e. it sits in the short exact
sequence of triangulated categories:
0 // DN (Q) // perΓN Q // C(ΓN Q) // 0. (5.3)
Note that C(ΓN Q) is Calabi-Yau-(N − 1).
Theorem 5.6. [A, Gu, K1] There is a natural triangle equivalence CN−1(Q) ∼= C(ΓN Q)
that identifies the canonical cluster tilting objects in them.
Here, a cluster tilting object in a Calabi-Yau-m cluster category is the direct sum of a
maximal collection of non-isomorphic indecomposables {Mi} such that Ext
k(Mi,Mj) =
0, for all 1 ≤ k ≤ m−1. As a generalization, we defined the cluster-X category C(ΓXQ)
as the Verdier quotient per ΓXQ/DX(Q). And we have the following, proved in the
sequel.
Theorem 5.7. [IQ] The projection ΓXQ→ kQ induces a derived equivalence
C(ΓXQ)
∼=
−→ perkQ.
Note that in the acyclic quiver case, we have perkQ ∼= D∞(Q). Combining results
above, we obtain the following.
Corollary 5.8. We have the following commutative diagram between short exact se-
quences of triangulated categories:
0 // DX(Q) //
//[X−N]

perΓXQ //
//[X−N]

perkQ //
/τ [2−N]

0
0 // DN (Q) // per ΓN Q // CN−1(Q) // 0
(5.4)
Proof. The first two vertical (exact) functors are induced from projection (5.1) as in
Proposition 5.1 and the left square commutes as the corresponding horizonal functors
are just inclusions. The third vertical functor is Keller’s orbit quotient in Definition 5.5.
The right square commutes since the projectives (generators) of per ΓXQ are mapped to
projectives of perkQ and perΓN Q respectively, and they further become the canonical
(N − 1)-cluster tilting object in CN−1(Q). 
6. q-Stability conditions on ADE-quivers
The aim of this section is to give a conjectural description of the spaces of q-stability
conditions on the Calabi-Yau-X completions of type ADE quivers.
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6.1. Almost Frobenius structures. We recall the definition of an almost Frobenius
structure from [D, § 3].
Definition 6.1. A Frobenius algebra (A, ∗, ( , )) is a pair of a commutative associative
C-algebra (A, ∗) with the unit E ∈ A and a non-degenerate symmetric bilinear form
( , ) : A⊗A→ C
satisfying the condition
(X ∗ Y,Z) = (X,Y ∗ Z)
for X,Y,Z ∈ A.
For a complex manifold M , denote by TM the holomorphic tangent sheaf of M .
Definition 6.2. An almost Frobenius manifold (M, ∗, ( , ), E, e) of the charge d ∈
C (d 6= 1) consists of the following data:
• a complex manifold M of dimension n,
• a commutative associative OM -linear product
∗ : TM ⊗ TM → TM
• a non-degenerate symmetric OM -bilinear form
( , ) : TM ⊗ TM → OM
satisfying the condition
(X ∗ Y,Z) = (X,Y ∗ Z)
for (local) holomorphic vector fields X,Y,Z,
• global holomorphic vector fields E (called the Euler vector field) and e (called
the primitive vector filed).
They satisfies the following axioms:
(1) The metric ( , ) is flat.
(2) Let p1, . . . , pn be flat coordinates of the flat metric ( , ) on some open subset
U ⊂M and set ∂i :=
∂
∂pi
. Then there is some function F (p) ∈ OM (U) such that
the multiplication ∗ can be written as
∂i ∗ ∂j =
n∑
k=1
Ckij(p)∂k
where
Ckij(p) =
n∑
l=1
Gkl∂i∂j∂lF (p)
and (Gkl) is the inverse matrix of the metric (Gkl = (∂k, ∂l)).
(3) The function F (p) satisfies the homogeneity equation
n∑
i=1
pi∂iF (p) = 2F (p) +
1
1− d
n∑
i,j=1
Gijp
ipj .
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(4) The Euler vector field takes the form
E =
1− d
2
n∑
i=1
pi∂i
and is the unit of the multiplication ∗.
(5) The primitive vector field e is invertible with respect to the multiplication ∗
and the derivation Pν(p) 7→ ePν(p) on the space of solutions of the following
integrable equation with the parameter ν ∈ C
∂i∂jPν(p) = ν
n∑
k=1
Ckij(p)∂kPν(p) (6.1)
acts as the shift of the parameter ν 7→ ν − 1, i.e. if Pν(p) is the solution of
the equation (6.1) with the parameter ν, then ePν(p) is the solution with the
parameter ν − 1.
We note that the restriction of the multiplication and the metric on the tangent space
TpM for each point p ∈M gives a family of Frobenius algebras (TpM, ∗p, ( , )p).
The flat coordinates p1, . . . , pn of the flat metric ( , ) are called periods and indepen-
dent solutions P 1ν , . . . , P
n
ν of the equation in Axiom (5) are called twisted periods. The
twisted periods satisfy the following quasi-homogeneity condition.
Proposition 6.3. The derivative of the twisted period Pν along with the Euler field E
satisfies
EPν =
(
1− d
2
+ ν
)
Pν + const.
Proof. We show
∂jEPν =
(
1− d
2
+ ν
)
∂jPν .
Since [∂j , E] =
1−d
2 ∂j, the above equality is equivalent to E∂jPν = ν∂jPν . Recall that
the Euler filed is the unit of the Frobenius algebra, i.e. E ∗ ∂j = ∂j . This is equivalent
to
1− d
2
n∑
i,k=1
piCkij∂k = ∂j .
Together with the equation (6.1) for the twisted period ∂i∂jPν(p) = ν
∑
k C
k
ij∂kPν , we
have
E∂jPν =
1− d
2
n∑
i=1
pi∂i∂jPν = ν
1− d
2
n∑
i,k=1
piCkij∂kPν = ν∂jPν .

In the following, we always normalize the twisted period Pν to satisfy the quasi-
homogeneity condition
EPν =
(
1− d
2
+ ν
)
Pν (6.2)
by shifting some constant.
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6.2. Flat torsion-free connections and twisted periods. In this section, we sum-
marize the relation between flat torsion-free connections and affine structures on mani-
folds. In the following we consider in the category of complex manifolds and all vector
fields, differential forms and connections are holomorphic. Let M be a complex mani-
fold of dimension n and ∇ be a connection of the holomorphic tangent bundle TM . We
recall that ∇ is called torsion-free if
∇XY −∇YX − [X,Y ] = 0
for vector fields X,Y on M . Recall that a connection ∇ on the tangent bundle TM
induces the connection ∇ on the cotangent bundle T ∗M by the formula
d〈X,ω〉 = 〈∇X,ω〉+ 〈X,∇ω〉
for a vector field X and a 1-form ω on M . The following statement is well-known.
Proposition 6.4. Let M be a simply connected complex manifold of dimension n and
∇ be a flat torsion-free connection on TM . Then there are n holomorphic functions
P 1, . . . , Pn : M → C such that
dP 1 ∧ · · · ∧ dPn 6= 0
everywhere on M and
∇ dP i = 0.
These functions are unique up to affine transformation
P i 7→
n∑
j=1
AijP
j +Bi
where (Aij) ∈ GL(n,C) and (B
i) ∈ Cn.
Thus functions P 1, . . . , Pn give local coordinates on M . This coordinate system is
called a flat coordinate system. Consider the vector space
V :=
n⊕
i=1
C dP i.
Then since dP 1, . . . ,dPn are independent global sections of T ∗M , we have a trivializa-
tion of the cotangent bundle
T ∗M ∼= V ×M
and the flat torsion-free connection ∇ is just equal to the exterior differential d on the
trivial bundle.
Consider an almost Frobenius manifold (M, ∗, ( , ), E, e). Let ∇ be the Levi-Civita
connection with respect to the flat metric ( , ) on M . Fix a complex number ν ∈ C.
Then we can define a flat torsion-free connection ∇ˇ on TM
∇ˇXY := ∇XY + νX ∗ Y.
for vector fields X,Y . Then the equation (6.1) for twisted periods Pν is equivalent to
the equation
∇ˇ dPν = 0.
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Remark 6.5. The connection ∇ˇ is called the Dubrovin connection or the second struc-
ture connection of a Frobenius manifold. For details, we refer to [D, § 3] and [M, § 2.1].
6.3. ADE type. We recall the almost Frobenius structure on the universal covering of
the regular locus of the Cartan subalgebra in the case of type ADE following [D, § 5.2].
Let Q be a quiver of type ADE and (LQ, ( , )) be the root lattice associated with Q.
Let ∆+ ⊂ LQ be the set of positive roots. Set h := HomZ(LQ,C) and let e1, . . . , en ∈ h
be the dual basis of α1, . . . , αn. Then h ∼= ⊕
n
i=1Cei with the metric (ei, ej) := (A
−1)ij
where A−1 is the inverse of the Cartan matrix. We regard a root α ∈ ∆+ as a function
on h via the pairing between h and LQ. Consider the regular subset
hreg := h \
⋃
α∈∆+
kerα (6.3)
and its universal covering space M˜Q := h˜reg. In the following, we construct the almost
Frobenius structure on M˜Q. Let α1, . . . , αn be simple roots and introduce the coordinate
on h given by pi := αi(p) for p ∈ h, namely p =
∑n
i=1 p
iei. Then the coordinates
p1, . . . , pn also form the local coordinates on M˜Q through the projection M˜Q → hreg.
Since TM˜Q ∼= h × M˜Q, the metric ( , ) on h induces the flat metric on M˜Q and the
coordinates p1, . . . , pn form the flat coordinates.
Define the potential function F : M˜Q → C by
F (p) :=
1
2
∑
α∈∆+
α(p)2 log α(p).
Since M˜Q is the universal covering of hreg, F is a single-valued holomorphic function
on M˜Q. On an open subset U ⊂ M˜Q with the flat coordinate p
1, . . . , pn, the third
derivative of F is given by
Cijk(p) := ∂i∂j∂jF (p) =
∑
α∈∆+
α(ei)α(ej)α(ek)
α(p)
. (6.4)
This defines the multiplication ∗ together with the inverse of the metric, which is just
the Cartan matrix (dpi, dpj) = Aij. The charge d is given by
d = 1−
2
h
where h is the Coxeter number. In particular, the Euler field takes the form
E =
1
h
n∑
i=1
pi∂i.
For the construction of the primitive vector field e, we refer to [D, § 5.2].
6.4. Coxeter-KZ connections. Following [C] (and the survey [TL, § 4]), we consider
a certain integrable connection on hreg, called the Coxeter-KZ connection.
As in the previous section, let (LQ, ( , )) be the root lattice associated with a quiver
Q of type ADE. For a root α ∈ ∆, consider reflections
rα : LQ → LQ, λ 7→ λ− (λ, α)α.
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for α ∈ LQ. These reflections form the Weyl group WQ := 〈rα |α ∈ ∆〉. Consider a
representation of WQ on a finite dimensional vector space V :
ρ : WQ → GL(V ).
On the trivial bundle V × hreg → hreg, we define the Coxeter-KZ (CKZ) connection
∇CKZν by
∇CKZν := d−ν
∑
α∈∆+
(ρ(rα)− idV )
dα
α
where ν ∈ C is some complex number.
Theorem 6.6. The connection ∇CKZν is a W -invariant flat connection on V × hreg.
The monodromy representation ρν : π1(hreg/W ) ∼= BrQ → GL(V ) factors through the
Hecke algebra HQ:
R[BrQ]
✤ //
##●
●●
●●
●●
●●
R[GL(V )] ψi
✤ //
✁
  ❆
❆❆
❆❆
❆❆
❆
ρν(ψi)
HQ
::tttttttttt
−Ti
✼
;;✇✇✇✇✇✇✇✇✇
.
where we specialize q = e2ipiν for the Hecke algebra HQ.
Proof. See [C] and also the survey [TL, § 4]. 
Remark 6.7. In [TL], the CKZ connection is given by
∇′CKZν = d−ν
∑
α∈∆+
ρ(rα)
dα
α
.
Two connections ∇CKZν and ∇
′CKZ
ν are related as the following gauge transformation.
Consider the function f :=
∏
α∈∆+
α on h. Then the equality
∇′CKZν = f
ν ◦ ∇CKZν ◦ f
−ν.
holds since
d f−ν = −ν
∑
α∈∆+
idV
dα
α
.
The connection ∇CKZν can be naturally extended on M˜Q = h˜reg. As the special
case, we consider the CKZ connection on the tangent bundle of M˜Q. We note that the
tangent bundle of M is given by
TM˜Q ∼= h× M˜Q.
Since the Weyl group W acts on h as the reflection group, we have the CKZ connection
on TM˜Q.
Proposition 6.8. The CKZ connection ∇CKZν on TM˜Q coincides with the Dubrovin
connection ∇ˇ. In particular, ∇CKZν on TM˜Q is torsion-free and the twisted period Pν
satisfies
∇CKZν dPν = 0.
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Proof. First we note that under the identification TM˜Q ∼= h × M˜Q, the vector field
∂i =
∂
∂pi
is identified with ei. By using equation (6.4) we have
∇ˇ∂i∂j = ν∂i ∗ ∂j = ν
∑
α∈∆+
∑
k,l
α(ei)α(ej)α(ek)
α(p)
Gkl∂l.
On the other hand,
∇CKZν,ei ej = −ν
∑
α∈∆+
(rα(ej)− ej)
〈dα, ei〉
α(p)
= ν
∑
α∈∆+
(ej − rα(ej))
α(ei)
α(p)
.
Since
ej − rα(ej) = ej − (ej − α(ej)α
∨) = α(ej)
∑
k,l
α(ek)G
klel,
the result follows. 
Thus the twisted periods for Frobenius manifolds of type ADE can be characterized
as the flat coordinates of the CKZ connections. Together with Theorem 6.6, we have
the following.
Corollary 6.9. The monodromy representation of BrQ for the twisted period map Pν
factors through the Hecke algebra HQ.
Remark 6.10. In [Sa1], Saito defined the period map associated with the primitive
form on the unfolding of an isolated singularity. He also defined the holonomic D-
module (with the complex parameter s ∈ C) whose solutions characterize his period
map. The above twisted period maps Pν on almost Frobenius manifolds of type ADE
correspond to Saito’s period maps in the case that isolated singularities are of type
ADE. For the details, we refer to [Sa1, § 5], [Sa2, § 4] and [D, § 5.1].
6.5. Cotangent bundles of the spaces of stability conditions. Let DX be a tri-
angulated category satisfying Assumption 2.6 and take a basis [E1], . . . , [En] of K(DX).
Then
K(DX) ∼=
n⊕
i=1
R[Ei].
Consider holomorphic functions
Zi : QStabsDX → C (i = 1, . . . , n)
given as the components of the cental charge defined by Zi(σ) := Z(Ei) for σ = (Z,P) ∈
QStabsDX. Consider holomorphic 1-forms dZ
1, . . . ,dZn on QStabsDX and define a
vector space
V =
n⊕
i=1
C dZi.
The following is a direct consequence of Theorem 2.10.
Proposition 6.11. The cotangent bundle of the space QStabsDX is the trivial bundle
given by
T ∗QStabsDX
∼= V ×QStabsDX .
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Proof. By Theorem 2.10, for any small open subset U ⊂ QStabsDX, functions Z
1, . . . , Zn
form local coordinates on U . This implies the result. 
If we consider the trivial connection d on V × QStabsDX, the central charges Z
i
satisfies the trivial equation
d dZi = 0.
Together with the content of Section 6.2, this suggests the following fundamental prob-
lem on the spaces of stability conditions.
Problem 6.12. To find a simply connected complex manifold M and a torsion-free flat
connection ∇ such that there is an isomorphism of complex manifolds
φ : M → QStabsDX
satisfying φ∗ d = ∇.
In the next section, we shall give a conjectural answer for DX(Q) with type ADE-
quiver Q.
If we find an isomorphism φ in the above problem, then the flat coordinates P i of
∇ on M can be identified with the central charges Zi up to affine transformation. In
Section 6.1, we fix the ambiguity of constant shift of twisted periods by the equation
(6.2) via the Euler field. Correspondingly, we introduce the Euler field in the side of
stability conditions as follows. Let ∂
∂Zi
be the dual basis of dZi. Then the tangent
bundle of QStabsDX is given by
T QStabsDX
∼=
(
n⊕
i=1
C
∂
∂Zi
)
×QStabsDX .
The Euler vector field E of charge d on QStabsDX is defined by
E :=
(
1− d
2
+
s− 2
2
) n∑
i=1
Zi
∂
∂Zi
.
Then central charges Zi clearly satisfy the quasi-homogeneity condition
EZi =
(
1− d
2
+
s− 2
2
)
Zi.
6.6. Conjectural descriptions. Let Q be a quiver of type ADE and consider the
space of q-stability conditions QStabsDX(Q).
Conjecture 6.13. Assume that Re(s) ≥ 2 and set ν = (s − 2)/2. There is a BrQ-
equivariant isomorphism of complex manifolds φs such that the diagram
M˜Q
φs //
Pν !!❈
❈❈
❈❈
❈❈
❈
QStabsDX(Q)
Zs
xxqqq
qq
qq
qq
qq
C
n
commutes. In particular, φs satisfies that:
• φ∗sE = E,
• φ∗sd = ∇
CKZ
ν
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for Euler fields and torsion-free flat connections on each side.
6.7. Descriptions for quivers of type A. The main theorem of our second paper
contains Conjecture 6.13 for quivers of type A as the special cases. We recall from
Corollary 3.8 that the category DX(Q) contains the canonical X-baric heart D∞(Q) ⊂
DX(Q). Let QStab
◦
s DX(Q) = QStab
⊕DX(Q) ⊂ QStabsDX(Q) be the distinguished
components which contains induced q-stability conditions induces from StabD∞(Q).
Theorem 6.14. [IQ] Assume that Re(s) ≥ 2 and set ν = (s − 2)/2. Let Q be the
An-quiver. Then there is a BrQ-equivariant isomorphism of complex manifolds φs such
that the diagram
M˜Q
φs //
Pν !!❈
❈❈
❈❈
❈❈
❈
QStab◦s DX(Q)
Zs
xxqqq
qq
qq
qq
qq
C
n
commutes.
7. Example: Calabi-Yau-X A2 quivers
In this section, we discuss the example of QStab⊕DX(Q) for Q is an A2 quiver. We
require that s ∈ R but everything should work for s ∈ C (possibly with some variation).
The prototype, i.e. the N -fiber
QStab⊕N DX(A2)
∼= StabDN (A2)
for N = 2, is calculated in [BQS].
x
y
0 1
l+
l−
2
3
·2−Re(s)2
2−s
2
Figure 1. The region/fundamental domain Rs
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Let S1 and S2 be the simple ΓXA2-module satisfying
HomZ
2
(S1, S2) = k[−1], Hom
Z2(S2, S1) = k[−X+ 1]
and Ψi be the corresponding spherical twists. The canonical X-baric heart D∞(A2) is
generated by the shifts of S1 and S2 and have one more indecomposable object Ψ1(S2)
(up to shift). Moreover, D∞(A2) admits a (normal) heart generated by S1 and S2. By
Corollary 5.2 and Theorem 5.4, we have the following.
• STXA2 = 〈Ψ1,Ψ2〉 ∼= Br3.
• The center of STXA2 is generated by (Ψ1 ◦Ψ2)
3.
• Let τX = Ψ1 ◦Ψ2 ◦ [X− 2] which satisfies τ
3
X
= [−2] and
τX{S1, S2} = {S2,Ψ1(S2)[−1]}.
• Let ΥX = Ψ1 ◦Ψ2 ◦Ψ1 ◦ [2X− 3] which satisfies Υ
2
X
= [X − 2] and
ΥX{S1, S2} = {S2, S1[X− 2]}.
• The auto-equivalence group AutDX(A2) is generated by Ψi, [1], [X] and sits in
the short exact sequence
1→ STX(A2)→ AutDX(A2)→ (Z[1]⊕ Z[X])/Z[3X − 4]→ 1.
Applying Theorem 2.25 and the calculation of gldim in [Q3], i.e.
gldimStabD∞(A2) = [1/3,∞),
we have the following
•Re(s)
∞
QStab⊕s DX
QStab⊕s DX
StabD∞
StabD∞
QStab⊕DX
Re(s) ≥ 2
STX∼=BrZ3
Figure 2. The tornado illustration of C\QStab⊕DX(A2)
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Lemma 7.1. [BQS, Q3]
• QStab∗s DX(A2) is not empty if and only if s ≥ 4/3. It is connected if and only
if s ≥ 2.
• QStab⊕sDX(A2) is not empty if and only if s > 4/3. It is connected if and only
if s > 2 (cf. Figure 3).
• QStab∗s DX(A2) = QStab
⊕
s DX(A2) if and only Re(s) > 2.
• The fundamental domain for C\QStab⊕sDX(A2)/Aut is Rs in Figure 1, where
the coordinate z = x+ yi satisfies
eipis =
Z(S1)
Z(S2)
, Re(s) = φ(S1)− φ(S2),
and l± is given by the equation
l± = {z = x+ iy | x ∈ (
1
2
,
2
3
], yπ = ∓ ln(−2 cos xπ)}.
Moreover, there are two orbitfold points on ∂Rs, one is (2 − s)/2 with order 2
and the other one is 2/3 with order 3.
• The order 3 orbitfold point σG,s solves the Gepner equation τX(σ) = (−
2
3) · σ
([Q3, Thm. 5.10]).
Remark 7.2. In Figure 2 we present the tornado illustration of C\QStab⊕DX(A2).
Figure 3. QStab⊕s DX(A2) is not connected when Re(s) ≤ 2
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